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We present a uniform treatment of rigid supersymmetric field theories in a curved space- 
time Ai, focusing on four-dimensional theories with four supercharges. Our discussion is 
significantly simpler than earlier treatments, because we use classical background values 
of the auxiliary fields in the supergravity multiplet. We demonstrate our procedure using 
several examples. For Ai = AdS^ we reproduce the known results in the literature. A 
supersymmetric Lagrangian for Ai = S 4 exists, but unless the field theory is conformal, 
it is not reflection positive. We derive the Lagrangian for Ai = § 3 x K and note that the 
time direction M can be rotated to Euclidean signature and be compactified to S 1 only 
when the theory has a continuous R-symmetry. The partition function on Ai = S 3 x S 1 
is independent of the parameters of the flat space theory and depends holomorphically on 
some complex background gauge fields. We also consider R-invariant Af = 2 theories on 
§ and clarify a few points about them. 
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1. Introduction 



Recently, different lines of investigations have focused on supersymmetric field theo- 
ries on spheres. Pestun computed the partition function and the expectation value 
of circular Wilson loops in Af = 4 and some Af = 2 theories on S 4 (see also H). In three 
dimensions Kapustin, Willet and Yaakov j|-[7| used localization techniques to compute 
the partition function of several Af = 2 theories on S 3 as a mean to test certain conjec- 
tured dualities. This work has been followed by and inspired Jafferis to propose 
"Z-minimization" [15], which has spurred several studies [16-pOj. Some of these three- 
dimensional Af = 2 theories are related by dimensional reduction to Af = 1 theories on 
§ 3 x R. Such theories were originally studied by Sen |21|,^2j and more recently by Romels- 
berger who used Af = 1 theories on § 3 x S 1 to define an index which reduces 



to [25| when the theory is superconformal. This index has been computed for different 
theories J26|-|34| providing checks of several dualities. 

Our starting point is the flat space Lagrangian C-^4, written in terms of the component 
dynamical fields, which include the auxiliary fields in the matter and gauge multiplets. We 
would like to replace flat M 4 with a curved space Ai. Depending on certain properties of 
Ai, which we will discuss below, the theory on Ai can be supersymmetric. In general, 
the supersymmetry generators on Ai are a subset of those on M and furthermore their 
algebra is deformed. 

We would like to understand the conditions on At such that it admits a supersymmetry 
algebra, to identify this algebra and to find the deformation Cm of C-^4 such that this 
supersymmetry algebra is preserved. A first attempt to find Cm is simply to introduce 
the metric into C-^4. In general the resulting Lagrangian C M is not supersymmetric. We 
can correct it by adding a power series in - 

oo 1 

C M =C M ) +5C M = Y,^ C M ^ ( L1 ) 

n=0 

where r is the characteristic size of Ai, defined by scaling the metric = r 2 g$ . Note 
that there are two sources of r dependence in ( |1 . 1| ) . First, there is r dependence in the 
metric which appears in all the terms Cj^ ■ Second, we have the explicit factors of £ 

(n) 

in the coefficients. In the rest of this note we will determine the correction terms C M . 
Surprisingly, we will find that they vanish for n > 2. 

One approach to finding the algebra and the Lagrangian is to start with C M ^ and 
to derive the corrections to the supersymmetry algebra, the supersymmetry variation of 
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the fields and the Lagrangian by a perturbation expansion in -. This approach is clearly 
correct, but it is technically complicated and it is not clear that the expansion in - would 
terminate. 

Instead, we will describe an alternate procedure, which makes the construction of 
the theory straightforward. In the spirit of f3l| we will couple the theory to classical 
background fields and will promote them to superfields. For a theory in curved spacetime 
we need to specify the metric as well as the auxiliary fields in the gravity multiplet. It is 
important that unlike the ordinary use of auxiliary fields, we do not solve their equations 
of motion - we specify arbitrary values for them. In some of the examples below we will 
also add background gauge fields. Furthermore, we will find it necessary to let some of 
these background fields be complex even though they must be real in "sensible theories." 

Before we proceed, we would like to make two general comments about placing theories 
in curved space. First, given a flat space Lagrangian, the curved space Lagrangian is always 
ambiguous. There can be terms that vanish in the flat space limit because they multiply 
powers of the curvature. In addition, we can always add terms to the flat space theory that 
are multiplied by additional parameters like the overall scale of the metric. For example, 
when we put a flat space theory on a sphere with radius r we have freedom in adding 
arbitrary terms of order -. Below we will encounter such ambiguities. Our main concern 
here will be to determine the terms that must be added to the flat space theory in order to 
preserve supersymmetry. 

Second, standard low energy effective Lagrangian techniques, which are extremely 
powerful when the theory is in flat space, might not be applicable here. Normally, we inte- 
grate out high momentum modes and expand the effective Lagrangian in low momenta. In 
curved spacetime we cannot integrate out momenta of order the inverse radius of curvature 
and restrict the effective Lagrangian to the terms with at most two derivatives. The reason 
for that is that there is no invariant way to separate higher derivative terms in the effective 
Lagrangian from terms that are suppressed by the inverse radius of curvature. 

The outline of the rest of the paper is as follows. In section 2 we explain the general 
procedure; starting from off shell supergravity we take a rigid limit holding the metric and 
auxiliary fields of the gravity multiplet fixed to values constrained only by the requirement 
that the resulting theory has some degree of supersymmetry. Our approach differs from 
previous ones in that we do not integrate out the auxiliary fields by using their equations 
of motion. We comment on some properties of the resulting theories and we identify 
in ( |1.1| ) in terms of the Ferrara-Zumino supercurrent multiplet. 
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In section 3 we apply the general formalism to the well known case of AdS^. We 
comment on the impossibility to put a theory without an FZ-multiplet in AdS and on the 
fact that arguments of holomorphy which are very powerful in flat space are not useful in 
this case. In section 4 we apply our procedure to the case of S 4 . The resulting Lagrangian, 
while supersymmetric, is not reflection positive unless the theory is superconformal. 

In section 5 we consider S> 3 x R. We find that in order for the supercharges to be 
time independent the theory must have an R-symmetry. We also comment on the fact 
that holomorphy arguments are applicable in this case. Motivated by the R-symmetry 
requirement, in section 6 we obtain the theories on S 3 x R by taking the decoupling limit 
in "new minimal" supergravity [36|. We are then able to identify C l^ in the terms of 
the R-multiplet. This helps in clarifying the structure of the Lagrangians presented in 
section 5. 

In section 7 we consider S 3 x S 1 . We analytically continue the § 3 x R construction 
to Euclidean space and compactify it on a circle. The partition function Z depends on 
the dimensionless ratio ^ of the size ft of the circle and the radius r of the sphere. It 
also depends on complex background gauge fields along the circle v s , where s labels the 
global symmetries of the theory. The dependence of Z on v s is holomorphic. Finally, this 
partition function is independent of all the parameters of the flat space theory. 

Section 8 is devoted to R-invariant J\f = 2 theories on § 3 . Generic such theories are 
not reflection positive. Our perspective, which is based on background fields clarifies a 
number of features of these theories. 



2. General Procedure 

Our procedure starts by coupling the flat space theory to off-shell supergravity. 
We assume for simplicity that the theory can be coupled to the "old minimal set of aux- 
iliary fields" P7| , p8| . Below we will comment on the situation in which such a coupling is 
impossible. In this formalism the graviton multiplet consists of the graviton, the gravitino 
and some auxiliary fields. The auxiliary fields are a complex scalar M and a real vector 
bfj,. Since the auxiliary fields do not propagate, it is common to integrate them out using 
their classical equations of motion. Instead, we prefer to keep them in the Lagrangian. 

Next, we want to decouple the fluctuations in the gravitational field such that it 
remains a classical background. This is achieved by taking the Planck scale Mp to infinity. 
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As we do that we have to decide how to scale the various fields. We assign dimension zero 
to the metric and dimension one to M and 6 M . 

It is important to stress that this limit is not the same as the linearized supergravity 
limit. In the latter we expand around flat space g^ v = rj^ u + j^h^ v when we take the 
Planck scale to infinity. Instead, we want to keep a nontrivial metric in our limit. 

For simplicity we focus on a flat space theory that is based on chiral superfields 
with Kahler potential K and superpotential W. It is straightforward to add gauge fields to 
this theory. Taking the limit we mentioned above in the supergravity Lagrangian p9| , ^0| , 
setting the gravitino to zero and dropping terms that are independent of the dynamical 
matter superfields we findS 

C = C B + C F 

1 o /l 1 1 \ / — 7 -7 



g £ =1-11+ -MM - -b^\ K + K i3 ( F l F J - d^d^ 



+ F l Wi + F 3 W 1 - -K,MF l - -KjMF' - IV M - II W 
3 3 3 



-^[K^^-K-d^J (2.1) 
l -C F = -itf^Vv^' - iwi^V - ^y?? 

where 1Z is the scalar curvature (which is negative for a sphere and positive in AdS) and 

v M v l = v^ 1 + r)^dj 

(2.2) 

n fc = K m K., - . 

For reasons that will be important below we allow to be complex and M not to be the 
complex conjugate of M. 

The freedom in performing Kahler transformations of the underlying supergravity 
Lagrangian might not be preserved by our classical background fields. It is straightforward 
to check that provided the background satisfies 

-K - bjf - 2 MM = 

2 " (2.3) 
= , 



We use the conventions of [4Q|, except that we define iw = — 2o~^ d t> M , so that — . 



1 — OLOL „ 
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the Lagrangian (|2.1| ) is invariant (up to a total derivative) under the Kahler transformation 

K -> K + Y(<P) + F(0) 

W^W+^MY (2.4) 
1- 



W^W+-MY . 



It is convenient to introduce the Ferrara-Zumino supercurrent multiplet |4T| . |42 



D a J a& = D a X ; D a X = 0. (2.5) 

For a WZ-model 

3 V J 3 (26) 



X\=AW - -D 2 K\ =4W+ -K^F 1 - -K^ib'ib 3 

I g I T- 3 t g tJ v Y 



Therefore, we can interpret the terms linear in the auxiliary fields b^ and M, M in ( |2.1| ) as 

hfj™ _ 1 MX | _ I" 

2 4 1 4 



■-^J,f z - -MXI - -MXI . (2.7) 



Even though we derived equation ( |2.7| ) using the WZ-model, it is valid for all flat 
space theories that have an FZ-multiplet@. These include all abstract theories even when 
no explicit Lagrangian description is possible. In every such theory the operators J^ z and 
X exist and the leading order deformation of the Lagrangian is given by ( |2.7|) . Below we 
will comment about the curved space description of theories without an FZ-multiplet. 

The FZ-multiplet ( |2.5| ) is not unique. It is subject to improvement transformations 

2 

X — > X + D O with chiral O. In the WZ-model this can be identified with Kahler 



transformations K — >■ K — 3(0 + O) [|45j . If (|2.3|) are satisfied, the freedom in O can be 
absorbed in shifting the rigid theory superpotential as W — > W — MO, which reflects the 
freedom in performing the transformation ( |2.4| ). Note that such a shift of the superpotential 
is an example of the ambiguity we discussed in the introduction. 
The supersymmetry variation of the matter fields is 

5(j) 1 = -V2(^ 1 

SF l = -i^Ka^^ - + ^b^a^, 

3 o 



See [43,44] for a detailed discussion and a list of earlier references. 



5 



while for the gravitino 



6 . (2.9) 
<^ d = -2V M C a " \ (M(C<v)d + 2b^ a + 2^(C^) d ) • 



The two equations (|2.9| ) are complex conjugate of each other. But given that we allow 
complex b^ and M and M as independent complex functions, we should impose both of 
them. 

Unlike standard treatments of supergravity, we have not eliminated the auxiliary fields 
M and 6 M . Furthermore, we have not performed the customary Weyl rescaling which sets 
the Einstein-Hilbert term to its canonical form. Because of these two facts, the variation 
of the gravitino (|2.9|) is independent of the matter fields. 

Now we are ready to specify a classical background for our rigid theory. It is char- 
acterized by the values of the metric and the auxiliary fields M and b^. It is important 
that these values are completely arbitrary. They do not have to satisfy any equations of 
motion. 

If we want our background to be supersymmetric, it should allow nontrivial solutions 

of 

5*% = -2V M C° + \ {M{eo^Y + + 2&"(C^) a ) = 

6 . (2.10) 

5*^ = -2V^Ci - I (M(Ca M ) a + 26 M Cd + 2b v = . 



Given a background metric M, M and &„, which satisfy ( |2.10| ) with nonzero £, £, our 



theory has some unbroken supersymmetry. It arises as a subalgebra of the local super- 
diffeomorphism of the underlying supergravity theory. In general, it is different than the 
rigid flat space supersymmetry algebra we started with. 

A detailed analysis of the conditions ( |2.1U| ) with various number of unbroken super- 
symmetries will be presented elsewhere [^6| . Here we simply state that demanding four 
unbroken supersymmetries, results in: 

Mb^ = Mb^ = 
= 

3 M M = d^M = (2.11) 

w^ kX = 

?V = -\( h A - 9^b P b p ) + -g^MM 
6 



where W^ VK \ is the Weyl tensor. In particular (|2.3|) is satisfied. Because the metric is con- 
formally flat the supersymmetry algebra is a subalgebra of the £77(2, 2 11) superconformal 
algebra. 

There are two classes of solutions of ( |2.11| ): 

1 — with constant M, M these will be considered in sections 3 and 4. 

2 M = M = with 6 M a covariantly constant vector. The metric is conformally flat and 
further restricted by ( p.ll|) . The case of § 3 x R analyzed in sections 5-7 belongs to 
this class. 

Furthermore, we can immediately identify the terms in the expansion ( |1 . 1| ) . arises 
from using the metric in the flat space Lagrangian. arises from the terms in ( |2.1| ) 

that are linear in the auxiliary fields - i.e. it arises from (g. And 

arises from the 

terms in ( |2.1|) that are linear in TZ or quadratic in the auxiliary fields. Below we will see an 
example in which it is natural to make another field redefinition which leads to additional 
contributions to . But in all cases it is clear that the expansion ( |1.1| ) stops at n = 2. 



3. AdS 4 

As our first nontrivial example we place the rigid theory in AdS<± with curvature 

n = ^ (3.i) 



i.e. r is the curvature radius. 



Several authors starting with [fi7|-|5"0f have studied supersymmetric field theories in 



AdS^ (for a recent discussion and a list of earlier references see |51j]). One approach 



starts by identifying the supersymmetry algebra OSp{l\4). Then one iteratively finds the 
Lagrangian and the supersymmetry transformation laws. Alternatively, we can simply add 

M 2 

a constant —f- to the superpotential and solve the gravitational equations of motion to put 
the system in AdS^. Then, one can scale M p — > oo in order to decouple the gravitational 
field. The approach we take here is clearly equivalent to this one but uses the more general 
procedure of the previous section. 

The conditions for unbroken supersymmetry ( |2.10|) are satisfied on AdS^ with the 
choice 

M = M = -- , 6^ = 0; (3.2) 
r 



the supersymmetry parameter ( a satisfies: 

2V M C a + -(e^O a = (3.3) 
r 

and its complex conjugate. 

The terms in the curved space Lagrangian that originate form the background auxil- 
iary fields are 

-5C AdS = ^K + -(K x F l + K-T) + ^W + -W- -t-K^r - t^%W , (3.4) 



where we have used ( pJf ). The full Lagrangian is 
1 r — 1 r B _l 1 r F 

~ l -AdS — ~*-AdS ' ~*-AdS 



e 



C B AdS = -JC^drf + JC^F* + - (/QF* + 1C-F 1 ) + -K 



- e C F AdS = -z/c^>v^ - I^fW - ^/%fW + ^:,,-rVvV 

+ (3 ' 5) 

ri K" 1 
jk = K-jki 

K. = K + r(W + W). 

Since AdS is conformally flat (see also[[52|), its OSp(l\4) superalgebra is a subalge- 
bra of the flat space superconformal algebra SU{2,2\1). Its bosonic Sp(4) = £0(3,2) 
subalgebra is the isometry of AdS 4, and can be viewed as a deformation of the flat space 
Poincare symmetry. The four flat space supersymmetry generators are deformed to be two 
supersymmetry generators and two superconformal generators from SU(2,2\1). 

Since the conditions (|2.3| ) are satisfied, the Lagrangian is invariant under the Kahler 
transformations Q2.4|) 

K + Y(<f>) + F(0) 

w -+ w - iy(0) (3. 6 ) 

W->W- -Y(6) . 
r 

This explains the dependence of the Lagrangian on /C. 

The operator X in ( |2.5|) includes the trace of the energy momentum tensor and it 
reflects the breaking of superconformal invariance. If the theory is superconformal, X = 
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2 /i\ 

(or more precisely, X = D O with chiral O) and hence C AdS in ( |1 . 1] ) vanishes. Indeed, 
since AdS^ is conformally flat, it is easy to put any confer mal field theory on it [[53]]. In 
this case the procedure based on supergravity is not needed because the curved space 
Lagrangian is easily determined using conformal invariance. 

An interesting application of this observation is in quantum field theories in which 
X receives radiative corrections. For examples, in gauge theories, the anomaly shifts X 
by a term proportional to TrVFaVF" and therefore, C AdS receives a one loop correction 
proportional to a gaugino bilinear. Such a term was studied in the context of anomaly 



mediation |54],[)5| in [pq , [57|1 . 

Even if we started with an R-invariant rigid theory, the nonzero value of M ( |3.2| ) 
violates that R-symmetry, so the theory in AdS± is not R-invariant. There are two in- 
teresting exceptions to this comment. First, if the flat space rigid theory we start with 
is superconformal, then the resulting theory in AdS± is R-invariant. As we commented 
above, in this case X vanishes and the R-breaking term C^lg is absent. Second, if the 
theory has Af = 2 supersymmetry, the operator X\ belongs to an SU(2)r triplet. It breaks 
it to U(1)r C SU(2)r, and hence the theory in AdS has this U(1)r symmetry. This is 
closely related to the R-symmetry of the theory on § 4 studied by Pestun [QJl] • 

Our discussion applies only to rigid super symmetric theories with an FZ-multiplet. 
We claim that rigid theories without an FZ-multiplet cannot be placed in AdS& (this was 
also discussed in [^8|,|5l| ). To see that, recall that such theories can be coupled to linearized 
supergravity only when they have a global R-symmetry or additional dynamical fields are 
added to them H3] . However, as we commented above, even if we start with an R-invariant 
theory, the nonzero value of M ( |3.2| ) violates the symmetry, thus making the theory in 
AdS 4 inconsistent. For example, theories whose target space does not have an exact Kahler 
form or theories with Fl-terms cannot be placed in AdS while preserving supersymmetry. 

Since the Kahler form of our theory must be exact, we can always use (|3[6|) to set 
W = 0. This explains why ( |3.5| ) depends only on /C. Note that it is common in the 
supergravity literature to use such a transformation to set the field dependent part of 
the superpotential to zero. In general, one might criticize this practice, because such a 
transformation could have singularities and might even be inconsistent, if the Kahler form 
of the target space is nontrivial. However, in our case it is always possible to redefine W 
into the Kahler potential. 

Writing the Lagrangian in terms of /C rather than in terms of K and W shows that the 
standard separation of the Lagrangian into K and W is not present here. Therefore, the 
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holomorphy based techniques for controlling the superpotential are not useful. This point 
about supersymmetric field theories in AdS has been realized by various people including 



51,59 



Next we integrate out the auxiliary fields F l , F in ( |3T5| ) using their classical equations 
of motion 

F = - g *(W- i + ±Kj) + \v)^H l = ~g%+lr^ 1 

In , 1,.t-7-7 1 ,7,. , 1..T-7-' (3 ' 7) 



f 1 = -^(Wi + -Ki) + ~rf/V = --g a Ki + -r^V 

leading to the potential 

V AdS ((p) =9 a WW- + \ (g^KiW? + g^KjWi - 3W - 3W) + 1 {g a K % K- - zk) 
~(//Q/C T -3/c). 

(3.8) 

The conditions for unbroken supersymmetry are F l = 0. These are n complex equa- 
tions for n complex variables. It is easy to show that if these equations are satisfied, the 
potential (|3.8|) is stationary. 

The supersymmetric vacua can be analyzed in an expansion in 1/r. If the flat space 
theory does not break supersymmetry, its vacua are at O satisfying Wi(<po) = 0. Then, the 
condition for unbroken supersymmetry W% + -Ki =0 are satisfied by 0* = O + -<j)\ + • • • 
with _ 

^ = -^(00)^1(00,00) 

_-r _ (3-9) 

4>[ = -W l (0 o )K 7 (0o, O ) , 

where W d is the inverse of the flat space fermion mass matrix Wu, which we assume to 
be invertible. 

Alternatively, if we want to preserve one of the flat space supersymmetric expectation 
values 

= <& 

-J -J ( 3 - 10 ) 

(0 > = 00 

which satisfy Wi(<fio) = 0, we can shift the superpotential by terms which vanish in the 
flat space limit (r — > oo) 

W = W--K ? (0o,0 o )0 l 

_ _ I _ _- (3- 11 ) 

W = W--^(0O,0 O )0 l 

r 
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and then the auxiliary fields equations ( |3.7|) become 

(3.12) 



F* = -g a (Wj+-K 1 ) 

T = -g«(Wi + -K. 

\ r 



and they vanish at the flat space value ( |3.10|) . Note that we can do it for each of the 
supersymmetric solutions of Wi = 0, but we cannot do it simultaneously for all of them. 



4. § 4 

Next we take the theory to be Euclidean and put it on S 4 . Here the supersymmetry 
condition is satisfied for 

12 _ 3i , . 

K=—2 , M = M = -— . (4- 1 ) 

Note that M is not the complex conjugate of M. 

The Lagrangian can be obtained from the Euclidean version of Q3.5|) by r — > —ir 

£ § 4 = £ | 4 + C E> 4 

\c*f = K a d^d»i - JCuf¥ - l - (idF* + /c-F) + ix: 

- e C^ = iKja^V^ + T) k d^ip k ) - ^. uT -c- e'er 1 

+ + ^, a 17 ' '''' J + + Kiffi) 

ri t^ii V" 

jk = K> >tjki 

K = K -ir(W + W). 
Note that this bosonic Lagrangian is not real! This originates from M not being the 



complex conjugate of M in (|4.1| ). This is in accord with the well known fact that while 
we can put supersymmetric theories on AdS space, we cannot put them on dS space. The 
theory we find on the sphere (which is the Euclidean version of dS space) is not reflection 
positive and hence it does not correspond to any unitary field theory in Lorentzian signature 
space. 

An obvious exception to this comment is superconformal field theories in § 4 . Since 
§ 4 is conformally flat, it is clear that the resulting theory is reflection positive. This fact 
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is visible in (|4.2|) . The terms that violate reflection positivity are proportional to X\ — X\ 
and these terms vanish in conformal theories. 

Even though we do not discuss it here in detail, it is clear that the same issue with 
lack of reflection positivity applies to non-conformal J\f = 2 theories on S 4 ]1|-|3|] and on S 3 

EM- 



The unusual reality properties of the theory make the interpretation of the dependence 
on /C confusing. Starting with a flat space theory with a real Kahler potential K we 
cannot use a Kahler transformation like ( |3.6| ) to remove W - we could do that only if 
Y(<p) in ( p.6|) was not the complex conjugate of Y((f>). Therefore, one might hope that 
the standard separation of the data characterizing the theory into a Kahler potential K 
and a superpotential W could be maintained. We do not pursue this possibility in this 
publication. 

Next we integrate out the auxiliary fields: 

F i = - g ii(Wj+~K^=-~g% 

\ 1 r / r (4 3) 

F i = -g«(Wi+~K t ) =--<7%i 
\ r / r 

noting that this solution for F is not the complex conjugate of the solution for F. 
As in the discussion around (|3.9|), we can look for supersymmetric solutions 



F l = -9 l Hw- i+ % -K-\=Q 

r ' (4.4) 



F = -g u (Wi + -Ki) = 

in a power series in K We expand around flat space supersymmetric solutions satisfying 

7o = <Po 



ki * Then, 



Here 



4 + + 

- : - (4.5) 

i + -0! + • • • 



Wi(<h) = WjM = 

^0 = 00* > s. 

(4-6) 

01 = -^(00)^(^0,00) 
^ = -^(00)^(00,00) • 
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Note that the supersymmetric solutions </> s , <p s are generically such that (p s is not the 
complex conjugate of <p s ] i.e. they are not on the standard integration contour of the flat 
space theory. 

The value of the potential at the saddles is: 

V\ s = -i-(W\ s +W\ s ) + ^K\ s = 

r r 2 (47) 

= -i- (W^o) + Wfa)) + ^K(<t>oM + ■■■ 

Note that the higher order corrections to the position of the saddle do not affect the 
potential at this order. Its imaginary value is determined by the value of the superpotential 
at the flat space saddle <po and its real part is determined by the Kahler potential at that 
point. 



5. § 3 x 



We want to study the theory on § 3 x R with the sphere of radius r and 

n = -±. (5.i) 

3 



The conditions (|2.10|) for unbroken supersymmetry can be solved on § x R by choosin 



b = -~ , M = M = b t = 0. (5.2) 
r 

The supersymmetry parameter ( a then satisfies 

d,( a + -C = 

2V„Ca {(?a O-oC) a = ■ 

r 

The effective Lagrangian in this background is obtained by substituting the curved 
metric and the background auxiliary fields ( |5.2j ) in ( |2.1| ). The contributions to the La- 
grangian due to the background auxiliary fields are: 

^%xM = -~ (W* - ~ Y r K u^ (5.4) 



The isometry group of § d is SU(2) l (g) SU(2) r . Changing the sign of 6o corresponds to 
interchanging the role of the two SU (2) factors in what follows. 
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Here the 0(l/r 2 ) are canceled by using (|5.1| ). 

In accord with (|2.7|) the terms of order i are given by — |j"q z where j'J z is the current 
appearing in the lowest component of the FZ-multiplet (|2.5| ). As we remarked above, the 
expression in terms of the operator j^ z is more general than the particular example of 
WZ-model we used. It applies in any field theory including theories without a Lagrangian 
description. 

Since ( |5.1|) (|5.2|) satisfy (|2.3|) , our system is invariant under (|2.4|) 



K -> K{<f>, 4>) + Y (</>)+ Y(</>) (5.5) 

without transforming W. The separation of holomorphic data in W from the non- 
holomorphic K present in flat space continues to hold on § 3 x R. This is one way to 
see why, unlike AdS, here holomorphy is active and can lead to nontrivial results. 

As in AdS, since this background is conformally flat, the supersymmetry algebra is a 
subalgebra of the flat space superconformal algebra SU(2, 2|1). It is SU(2\l)i ® SU(2) r . 
Its bosonic subalgebra is SU(2)i ® SU(2) r <g> £7(1) which is the isometry of S 3 x R. Some 
important commutation relations are@ 

{Q a ,Q & } = 2a° a& Po + -a i a& jf 

r 



{Qa,Q/3} = 

[Po, Qa] = ~Qc 
r 



(5.6) 



where Pq generates translations along R, while the J\ are the generators for the SU(2)i 
subgroup of the S> 3 isometries. 

The vanishing of the second and third anti-commutators in ( |5.6| ) underlies the fact 
that the theory on S 3 x R has a standard holomorphic superpotential. This is related to 
the invariant separation into a Kahler potential and a superpotential we mentioned above 
and is behind the control we have in analyzing such theories. 

It is important that the supercharges in this subalgebra do not commute with the 
generator Pq of translations along R and hence they are time dependent. This can be 



4 Here, and also below, we could absorb the factors of r in a redefinition of the charges. We do 
not do it because this presentation allows us to contract the superalgebra to its flat space version 
by taking r to infinity. 
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changed, if the theory has an R-symmetry [R, Q a ] = —Q a . Denoting the R-charges of 
by qi we can redefine the fields by a time dependent R-transformation: 



C^e-^^-^Va ( 5 - 7 ) 



Translations along R are then generated by 



H = P + -R (5.8) 
r 



and the superalgebra becomes 

1 _\ 2 



{Q a ,Q d } = 2cr° d (#- -R) + -a\ a J\ 
[H,Q a ] = 0. 



(5.9) 



Equivalently, instead of performing the redefinition ( |5.7| ), we can turn on a "pure 
gauge" background U(1)r gauge field 

A = - . (5.10) 

r 

This will be useful below. 

The Lagrangian is then given by (qj = — qiS^): 



-KiDttf + -K-D t 4> j 



- -if. .-F>V J ' - -i^-.F^V + — JRT- ^V^V ( ^ 5 - 11 ^ 



As before, the Lagrangian is invariant (up to a total derivative) under R-invariant Kahler 
transformations K — > K + Y + Y satisfying J2i QiYi<pi = 0. 
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All the terms of order - in ( |5.11|) are given byll 



- -- T FZ + T R (*> ~\2) 

where is the conserved R-current 

J* = -iK-^d^ - iKgqitfdrf + K i3 ( qi - + (5-13) 

The parameters of the flat space theory were constrained to be Poincare invariant. 
Given that this symmetry is broken to SU(2)i <g> SU{2) r <g> U(l), there are additional 
parameters we can turn on. These can be thought of as background fields. Of particular 
interest are background gauge fields associated with the global symmetry of the theory. 
For every global non-R-symmetry U(l) s there is a conserved current j s and charge Q s . 
Then we can add background gauge fields by coupling them to the currents and adding 
appropriate seagull terms which are quadratic in a*. We turn on background gauge fields 
which preserve the SU(2)i <g> SU(2) r <g> U(l) isometry 

a s = V - , (5.14) 
r 

where v s are dimensionless real constants. Denoting by qi s the U(l) s charge of (p 1 , this 
background gauge field has the effect of changing the parameters qt in ( p.7|) (|5.11|) (|5.13| ) as 

s 

Such background fields will play an important role below. 



6. New minimal SUGRA 



Starting from (|2.1|) and giving an expectation value to bo we realized the need for an 
R-symmetry and for a background U{1)r gauge field in order to have time independent 
supercharges on S> 3 x R. This suggests the use of "new minimal Supergravity" to 
analyze this case. 

In the presence of an R-symmetry supergravity can be coupled directly to the R- 
multiplet, which is distinct from the FZ-multiplet. It contains the R-current (|5.13| ) as its 
lowest component and it satisfies [f|2| (for a recent discussion see fl3j): 



D a K a& = X a ; DdXa = ; D a Xa = D«T- (6-1) 



In our conventions when gauging a conserved current j M we add to the Lagrangian —A^j^ 
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X a satisfies the equations of a chiral field strength and its component expansion 



Xt 



i\ a + (s^D + 2ia^(d fl A u - dvA^j) + ... (6.2) 



contains a vector A^. For a WZ-model 



Q 

Xa = D 2 D a U ; U = K--Y,<H<l> i Ki (6.3) 



and 



(6.4) 



As in the FZ-multiplet, the R-multiplet ( |6.1|) is not unique. It can be improved by shifting 
the R-current by any conserved global current. This amounts to changing the values of qi 
in (ETTBDflOl). 



There are two real auxiliary fields in the "new minimal" gravity multiplet: and a 
conserved = ^e^ upX d u B p \ (terms proportional to the gravitino are set to zero). Taking 
the M p —7- oo limit we get the following Lagrangian for the matter fields [|6(J : 



\t B = Qfc - W»V^ {^K t q^ - \K-q-^ + K fj ( F*F 3 - D^D^ 3 
+ iV» [KiD^ - K-D^ + F l Wi + F 3 Wj 

e ^ ^ 2 3 2 13 (6.5) 

- -K. -T'c'r' - -K^.F 3 ^ 3 + -K. .^^1? 



= (V M - i( qi - 1)A„ - l -V^ + Y)^ 3 D 
Dpft = (<9 p - iqiAJP, Dfj/P = (0„ - iq-A^ 

The Lagrangian is invariant under local R-symmetry transformations parameterized 
by A(x) under which A^ — > A^ + <9 M A. The terms linear in the auxiliary fields are easily 
recognized as 

V» Q J* - A^ - A»J* = V jf 7 - A»J* . (6.6) 
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As we have emphasized a number of times above, this expression in terms of the currents 
is more general than the example of WZ-models we have been discussing. 

In a superconformal theory D a TZ a< ^ = and hence A^ = 0. Therefore, the terms 
proportional to A^ in ( |6.6| ) are a measure of the violation of conformality. 

The variations of the chiral superfields components are |K| 

8<jj = -V2(i}j l 

8^ a = -V2Q a F l - iV^CWfy - iQiAJP ( 6 .7) 
SF l = -iy/2^{v„ - i( qi - - % -V^ 

and the gravitino variation is: 



(6.8) 



As in (|2.10|) we view and A^ as complex vectors. The conditions stemming from ( |6.8| ) 



(6.9) 



requiring four unbroken supercharges are: 

V„K = 
dfrA v] = 

WpunX = 

= -2(V^V„ - g^VpV?) 

We can find nontrivial £ such that ( |S.8| ) vanishes for § 3 x 1 by setting 

Vi=Ai = , V = - (6.10) 

r 

where r is the radius of the sphere. The nonzero value of V° = \e Ql3 diBj^ can be 
interpreted as nonzero flux of H = dB through our § 3 . 

The value of Aq is arbitrary and by changing it we obtain Lagrangians related by 
redefinitions like (|5.7|) . Three cases have a natural interpretation: 



1. Aq = Vq results in a time independent ( and conserved supercharges; it gives ( |5.11] ) 
and the corresponding superalgebra ( |5.9| ). 

2. Aq = gives the Lagrangian obtained directly in the "old minimal" formalism 
with ( satisfying ( |5.3| ); the superalgebra is given by 
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3. Finally for Aq = %Vq the superalgebra is: 



[A,Q a ] = --Q a . 

where A generates translations along R. For a superconformal theory A can be 
identified with the dilatation generator in the superconformal algebra. The - terms 
in the Lagrangian are given by Aq = § Jq — ^J$ z , which indeed vanishes for a SCFT. 

Finally, we would like to emphasize another consequence of the use of the new-minimal 



formalism. Some rigid supersymmetric theories do not have an FZ-multiplet [43]. These 



are theories in which the superfield U in (|6.3| ) is not well defined. This happens either when 
the theory has nonzero Fl-terms or when the Kahler form of K is not exact. Such theories 
can be coupled to the old minimal set of auxiliary fields only if they have an R-symmetry. 
This is most easily done in the new-minimal formalism. Indeed, it is straightforward to 
check that the Lagrangian ( |6.5| ) or the more abstract presentation of the terms of order 
i ( |6.6|) are are well defined even when U is not (to do that, integrate by parts the term 
proportional to V 1 = \^ vpa d v B pa ). 



7. § 3 x S 1 

In this section we discuss the theory on § 3 x S 1 . We start by analyzing the analytic 
continuation of our Lorentzian theory on § 3 x 1 to Euclidean signature. The analytic 
continuation of the flat space theory is standard. But what should we do with the various 
background fields? Recall that in the old minimal presentation we used background bo 
( p.2| ) and a background U(1)r gauge field Aq ( |5.1U| ) and in the new minimal formalism 
we used background Vq and A ( |6.1U| ). Furthermore, we also faced the freedom to turn on 
background gauge fields for non-R-symmetries ao ( |5.14| ). 

The conditions for unbroken supersymmetry have led us in the Lorentzian theory to 
backgrounds satisfying 

K=^b^ = 6V fX V»<0. (7.1) 
Denoting the Euclidean time direction by 4, this suggests that we should take 



-3V d = * . 



(7.2) 
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We recall that we needed such imaginary values of the background auxiliary fields also in 
the case of § (JP|). The situation with the background U(1)r gauge field Aq is similar. 
It was needed in order to make the supercharges independent of Lorentzian time. If we 
want them to be independent of Euclidean time we should take 

A 4 = -- (7.3) 

r 

i.e. it should also be imaginary. Finally, let us discuss the background non-R-gauge fields 
a s . Analogy with (|5.15| ) suggests that we should take 

at = (7.4) 

with real v s . However, we will see below that it makes sense to consider complex v s in 
( [7.4j) . The Euclidean Lagrangian denoted by § x is given byi: 

C i 3 xR E = % (d^D^ + d a J d a f - F*F J ^j - F l W t - F J Wj 

1 ., 1 = 



+ -K. -T'c'i -' - -K— .F j ^ j + -K. .^W^j? ( 7 - 5 ) 

111 r Y r, iqn Y Y a mm Y Y Y Y 



Dv>' - (<h - ift)^, = (d 4 - X -q- % 

X 



Now we are ready to compactify the Euclidean time direction to § . The partition 
function of this system can be interpreted as a trace over the Hilbert space 

Z = Tr(-l) F exp (-PH- ^^VsQ^j • (7.6) 

Here we used the Hamiltonian H of ( |5.9|) which commutes with the supercharges and Q s 
is the charge of U(l) s . 



6 The Lagrangian is written in terms of the SU(2)i doublets ipEa = ipa and ip Ea = i&aa'r'" and 
we suppress the subscript E. These are contracted with t a p so that, e.g. ipa l ip = xp a t a p(Jp ip^ 
and tpijj = —ipip. We also used a 4 = 04 = —il and a a = —<j a . 
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If the underlying theory is conformal, ( |7.6| ) is known as the conformal index with 
chemical potentials v s [^Of . But following |f23|)p4]j26|] we can study it also in non-conformal 



theories. In that case the term "superconformal index" is clearly inappropriate. 
The Hilbert space is in representations of 

SU(2\l)i ® SU(2) r <g> U(1) R ® s U(l) s (7.7) 

and the objects in the exponent of ( |7.6| ) commute with all the elements of this supergroup. 
The long representations of this group do not contribute to this trace. The short represen- 
tations are constructed out of a highest weight state with P$ = -j where Po is the generator 
of 17(1) C SU(2\l)i (see Q) and j is the quantum number of SU(2) l C SU(2\l) l . Such 
short representations contribute to the trace ( |7.6Q ±exp — ^ (2j + R + J2 S v s Q s ) , where 
R is the R-charge of the highest weight state and Q s are the U(l) s charges of the states 



in the representation |23| , |24 



We note that we could have also added to the trace ( |7.6| ) additional chemical potentials 
without ruining its nice properties. Some of them do not respect the isometry of the sphere 
and correspond to squashing it. We will not do it here. 

It is important that the values of rPo = 2j of the short representations are quantized. 
Therefore, the values of H = Pq + ^R and of Q s of the states in these representations cannot 
depend on the parameters of the theory and on renormalization group flow. Hence, the 
S> 3 x M partition function Z ( |7.6| ) is independent of the parameters of the Lagrangian and 
the renormalization group scale and depends only on the dimensionless parameters ^ and 
v s . Equivalently, the parameters in the flat space Lagrangian multiply operators, which 
are given by commutators with the supercharge. Therefore, their expectation values must 
vanish and Z does not depend on them. This fact has allowed [p3| , |2^ . |2~6| - |34}1 to compute Z 
in many interesting cases. 

We will find it useful to extend the previous discussion to complex v s . The real 
parameters Kev s have the effect of shifting the R-charges ( |5.15[ ). The imaginary parts 
Im v 8 also have a natural interpretation. If we view the theory on § 3 as a three dimensional 
field theory, then m s = ^Ivav s can be interpreted as "real mass terms." In the next section 
we will discuss theories on § 3 in more detail. Here we will simply comment that with such 
complex v s the dependence of Z on v s is holomorphic. 
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8. § 3 

We now turn to consider three-dimensional theories on § 3 . For simplicity we will focus 
on theories obtained by taking a four-dimensional theory on § 3 x S 1 in the limit that the 



circumference of the circle goes to zero /3 — > (See the recent papers H6lj|62|| for related 



discussions); but as will be clear, our conclusions are not limited to such theories. 



Starting with (7J)) and taking /? — ^ with an appropriate limit of the Lagrangian 
parameters we find a three-dimensional M = 2 theory with a global U(1)r symmetry on 
S> 3 with Lagrangian (recall that qj = —S^qi) 

CSs = K.-. (dj 3 d a ^ + \q iq M j - F*F J ) - Ft, - F 3 W 



+ \q % K^ - ^qqK-4 3 

+ -K. -Ttb 1 ^ - -K^.F 3 ^ 3 + -K. 

2 133 2 133 4 ^ ^ ^ 

(8.1) 

The Lagrangian of this theory depends on the parameters of the flat space Lagrangian as 
well as on the complex dimensionless parameters v s introduced via (|5.15|) . As we remarked 
above, m s = ^Imv s can be interpreted as "real mass terms" in the three-dimensional 
theory, while Re v s are parameters that determine how the theory is placed on § 3 , through 
shifts of the R-current. 

For generic couplings the theory on § is not reflection positive and does not cor- 
respond to a unitary Lorentzian theory on dS^. This fact is similar to our discussion 
above about § and is easily visible in the terms of order - in the Lagrangian. Using our 
construction, which is based on background fields, this lack of reflection positivity arises 
because of the complex values of in ( |7.2| ) ( |7.3| ) ( [7.4| ) . 

The discussion above easily leads to the following conclusions about this three dimen- 
sional theory. 

First, as in the discussion about S 3 x S 1 , the § 3 partition function Z is independent 
of most of the parameters in the flat space Lagrangian on IR 3 . It depends only on the real 
mass terms m s = ^lvav s . This fact has made the computations in PH20[| possible. 

Second, the dependence on v s is holomorphic. This fact might seem strange and was 
referred to as "mysterious" in [IS], because the mass terms m s = ^Imf s are parameters in 

22 



the flat space M 3 Lagrangian, while Rev s affect the choice of the R-current. Constructing 
these theories by coupling them to background fields makes this holomorphy manifest. In 
particular, the complex number v s is a background field that couples to the scalar operator 
j s in the 99 component of the supersymmetry multiplet of the conserved U(l) s current. 
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